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Abstract

Vapour bubbles form in liquids by two main mechanisms: boiling, by increasing the temperature over
the boiling threshold, and cavitation, by reducing the pressure below the vapour pressure threshold.
The liquid can be held in these metastable states (overheating and tensile conditions, respectively) for
a long time without forming bubbles. Bubble nucleation is indeed an activated process, requiring a
significant amount of energy to overcome the free energy barrier and bring the liquid from the
metastable conditions to the thermodynamically stable state where vapour is observed. Nowadays
molecular dynamics is the unique tool to investigate such thermally activated processes. However, its
computational cost limits its application to small systems (less than few tenth of nanometers) and to
very short times, preventing the study of hydrodynamic interactions. In this work a continuum diffuse
interface model of the two-phase fluid has been embedded with thermal fluctuations in the context of
the so-called Fluctuating Hydrodynamics (FH), enabling the description of the liquid-vapour
transition in extended systems and the evaluation of bubble nucleation rates in different metastable
conditions by means of numerical simulations. Such an approach is expected to have a huge impact
on the understanding of the nucleation dynamics since, by reducing the computational cost by orders
of magnitude, it allows the unique possibility of investigating systems of realistic dimensions on
macroscopic time scales.
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Introduction

Thermal fluctuations play a dominant role in mesoscopic phenomena occurring in fluids. Since the pioneering work
of Landau and Lifshitz in the late fifties [1], several models have been developed [2] to properly include stochastic
terms in the governing equations contributing to the growing field of “Fluctuating Hydrodynamics” (FH). Also
motivated by applications, these efforts were followed by the exponential increase of specialised numerical methods
for stochastic differential equations [3-5]. Fluctuations are crucial in a number of contexts, e.g., among others, flow-
driven micro-devices, biological and lipid membranes [6], systems exploiting ratchet motion [7] like Brownian
engines and artificial molecular motors [8, 9]. Presumably, nucleation - the precursor of the phase change in
metastable systems - is however the most common fluctuation-dominated phenomenology found in applications.
Examples are cavitation [10], freezing rain [11], or the intrusion of liquids in microporous materials [12], to cite a
few. Since the energy barriers for phase transition is overcome by thermal fluctuations [13-17], the nucleation time
may be long and the phenomenon is labeled as a “rare event”. Such problems are typically addressed by molecular
dynamics (MD) simulations [18] which, for their computational cost, are limited to systems too small to rise a direct
technological interest.

Here homogeneous vapour bubble nucleation in a metastable liquid is addressed through a novel approach based on
a diffuse interface description [19] of the two-phase system embedded with thermal fluctuations [20] that can
describe both the thermodynamic and the fluid dynamics fields [21, 22], see [23] for applications to the spinodal
decomposition in a liquid--vapour system.

Mathematical model

The model is based on the Van der Waals’s square gradient approximation [19] of the Helmholtz free energy

F[p,9]=J
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where f; is the classical bulk term, function of density p and temperature 6, and A is related to the (equilibrium)
surface tension y and interface thickness [1,2].

The (fluctuating) hydrodynamic fields are governed by mass, momentum and energy conservation, with the addition
of stochastic contributions:
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where u is the fluid velocity, p = pza(folp)/ap the pressure and £ = % + 1/2p|u|2 +1/24|Vp |2the energy
density, with % the internal energy per unit volume. X and q are the deterministic stress tensor and energy flux,
respectively. The prefix  denotes the stochastic contributions, which statistical properties follow by enforcing the
Sfluctuation-dissipation balance (FDB):
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with p and k the dynamic viscosity and the thermal conductivity, respectively. The cross-correlation between tensors
of different rank vanishes due to the Curie-Prigogine principle, <5q7()?, IHQSX@E, 1t )> = 0. X and ¢q follow from

standard non-equilibrium thermodynamics considerations [1,2] as
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Bubble-Nucleation Simulations

Homogeneous vapour bubble nucleation in a metastable liquid enclosed in a cubic box with periodic boundary
conditions is studied by numerically solving the equations presented in the previous section. The equation of state
corresponds to a Lennard-Jones fluid [24] to allow comparison with available MD results. The system volume
V#* = (600)? is discretised on a uniform grid with 50 cells per direction and several metastable conditions are
investigated. Here we report the long-time dynamics evolving from the metastable thermodynamic condition
0 = 1.25 p; = 0.46 where strong hydrodynamic interactions, e.g., bubble collapse, coalescence and expansion, take
place during nucleation. A few snapshots of the system evolution in the different metastable conditions are shown in
the left panels of Fig. 1. Starting from the homogeneous liquid, fluctuations lead the system to nucleate the vapour
phase. The initial shape of the nuclei is far from spherical, as observed in MD [18]. After reaching the critical size,
the bubbles start expanding and the system stabilises in a state characterised by several vapour bubbles in
equilibrium with the surrounding liquid. Bubble number and dimensions is dictated by the initial metastable
condition. FH provides access the bubbles long-time dynamics in a very large system, taking in full account their
hydrodynamic interactions. Before addressing the nucleation dynamics in detail, it is worth introducing the notion
of critical bubble, in order to be able to identify the genuinely nucleated bubbles and their long term evolution.

The critical bubble
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It is known that bubbles smaller than critical shrink and disappear, while supercritical one may grow to macroscopic
size. The demarcation line is the critical bubble which may be determined from the Helmholtz free energy, eq. (1).
Minimising F identifies the critical state where the generalised chemical potential y, = ,uf.’ (p) — AV?p equals the
external chemical potential y,,,. The critical density profile under spherical symmetry can be found by the string
method proposed in [25], see also [26], which identifies both the critical nucleus and the transition path joining the
metastable liquid condition to the cavitated state. The method consists in initialising a set of N, density fields
{ pk(r)}, k =1,..., N, the so-called string, joining the metastable liquid state and the critical state. The head of the
string is the uniform density of the liquid p'(r) = py; the tail, pNs(r), is initialised as a tanh profile approximating
the critical nucleus which is obtained from classical nucleation theory (CNT) [27]; the intermediate fields are
initialised by interpolation of these two density profiles, p*(r) = (1 — k/NS)pl(r) +k/N; pNs(r). The string
algorithm involves two steps. 1) All the images pk(r) are evolved over one pseudo-time step A7 following the
steepest-descent algorithm consisting in evolving the following relaxation dynamics in the pseudo-time

dop b A0 ( ,0p
ot Mea [MC (P) r2 or <r or ’

Special attention is dedicated to the tail of the string that needs to climb the energy landscape up to the saddle point.
An extra driving force, directed in the direction tangential to the string at the tail, is applied to allow the climbing
motion. 2) The images are redistributed along the string following a re-parameterisation procedure by equal arc
length. The algorithm is arrested when the string converges within a prescribed tolerance thereby identifying the
transition path as the sequence of density fields ’al\m}g the string. Critical radius and free energy barrier
R.= Igo r(apc/@r)zr2 dr/fooo (0106/0;’)}’2 dr [28] and AQ = fooo [w(pc(r)) — w(pL)] 4xridr, respectively, follow
from the critical density profile p.(r). In the following sections the critical bubble, and its size in particular, will be
used to discriminate whether the bubbles found in the FH simulations to be discussed are sub- or supercritical, thus
allowing to evaluate the nucleation rate as the number of supercritical bubbles formed per unit volume and time.

Bubble Kinematics

In order to extract the bubble kinematics and track bubble motions, the evolution of the density iso-surface
pl(x(n,1),1)] = py, representing the nominal interface represented as X = x (17, t), is considered. Its time derivative
dpl(x (11,1‘), D]/dt = dplot +%-Vp =0 defines the interface velocity W (x,7) =X =—0dp/otVp/|Vp|*.
Hence the evolution of a generic physical quantity ¢ (X, ¢) related the bubble B, is given by
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where D) /Dt = d/dt + w - Vis the total derivative following the w velocity field and J7 = |dx/dy| is the
Jacobian determinant, with derivative J7 = J7V - w. Defined the peculiar velocity W; (x,1) == w;(x,t) —u(x,t)
and making use of eq. (2) with ¢ (X,¢) = p (X,t) combined with mass conservation dp/dt + V - (p u) =0, the
bubble mass is found to obey

. d ,
MBi=—J p(x,t)dv=+ p X, 1) w;(X,t)-ndS,
dt Jg.q) B;(1)

with B;(t) the bubble domain. The bubble centre of mass velocity is then
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where G, (x,t,Xgl) =) (x,1) (x - Xgi> ® <0p/0t Vpl|V|? - u(x,t))  Similarly the time derivative of the

bubble volumes reads VB,- = gﬁa w;(X,1)-ndS.

B;(t)

On the basis of the above analysis, an algorithm can be implemented to identify and track the distinct bubbles and
their properties. First, a cell-flagging procedure based on the local density is used to identify the grid cells
considered as non-liquid (cut-oft density p,.,; = p.(R.), corresponding to the critical density at the nominal radius of
the critical bubble). A clustering technique based on a region growing procedure is then applied to the non-liquid
cells to determine when a neighbouring cell should be added to the current cluster. The process is iterated until all
the detected vapour (non-liquid) cells has been clustered into distinct bubbles. The volume of the k-th bubble is used
as the order parameter to identify the supercritical bubbles defined as those which volume exceeds the critical
volume. For each bubble present in the field, this procedure allows to obtain mass centre trajectory and volume
evolution and to identify the coalescence events, see the left panel of Fig. 1.
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Figure 1. Left panel: snapshots of bubble configurations during the nucleation process to highlight the coalescence process. Right panel: Time
evolution of the number of supercritical bubbles and the total collapsed supercritical bubble up to time instant t.

The central observable is the nucleation rate J, defined as the number of supercritical bubbles formed per unit
volume and time. CNT [27] provides an estimate of the energy barrier AQ cy7 and consequently of the nucleation
rate as Joyr = nyA/2y/mm exp(— AQ cnr/kg), where n; is the liquid number density. CNT can be compared
with the nucleation rate Jrz; from FH simulations, estimated as the slope of the linear initial part of the curve giving
the number of supercritical bubbles IV, vs time in the right panel of Fig. 1.

Discussion of the results

As known from the literature, CNT over-estimates the energy barrier near the spinodal condition and tends to behave
better at lower metastabilities. Consistently the barrier obtained from the string method are smaller than CNT ones,
Table 1. Notwithstanding this point the rates, J, evaluated with CNT are puzzlingly larger than those from FH. In
order to correctly understand this point, it is crucial to take into account the confinement affecting a constant mass/
constant volume system. In these conditions, the larger the number of nucleated bubbles the more the liquid is
compressed. As a result the nucleation process is discouraged and consequently the nucleation rate is reduced, thus
explaining the lower nucleation rate of FH with respect to CNT. In fact, by tracking all the vapour clusters in the
system during the initial nucleation stage (characterised by constant rate) we observed that the number of collapsed
bubbles after crossing the critical size is of the same order of (and often greater than) the number of the “survived”
ones. In fact, if all the bubbles survived we would have obtained a rate larger than predicted by CNT, consistently
with the reduced free energy barrier. This point is illustrated in the right part of Fig. 1 where the evolution of the
number of supercritical bubbles N, and of the number of supercritical bubbles N, collapsed up to current time is
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AQ /6, AQ cnt 16y JrH Jent JEn

5.90 14.05 1.3-10°8 7.0-1078 3.2-1077

Table 1. Comparison between CNT and FH rate, the free energy barrier for bubble nucleation from the liquid is evaluated with the string
method.

shown. In absence of collapses, the total number of bubbles in the system would have been N,,;, = N, + N, and the

rate would have been larger by roughly a factor 102, consistently with the lower free energy barriers reported in
Table 1.

Conclusion

In conclusion, we have shown that a Van der Walls/Navier-Stokes/Landau-Lifshitz model can properly capture the
vapour bubble nucleation process. The model works equally well in the context of cavitation, where nucleation is
induced by pressure decrease, and boiling, where the phase transition is due to increased temperature. Both
processes involve significant metastabilities. The continuum description of the two phase system endowed with
proper thermal fluctuations satisfying the appropriate form of fluctuation dissipation balance is able to describe the
thermally activated transition process and predict the nucleation rate. Unique feature of the model is the ability to
deal with extended systems, under non-equilibrium and unsteady conditions like those most often encountered in
applications involving liquid-vapour phase transition. Particularly significant is the interaction of the microscopic
process of nucleation with the hydrodynamic scales that couples in both directions the phase transition to the
macroscopic flow.
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